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Measurement- and comparison-based sizes of Schro¨dinger cat states of light
T.J. Volkoff and K.B. Whaley
Berkeley Quantum Information and Computation Center and Dept. of Chemistry, UC Berkeley
We extend several measurement-based definitions of effective “cat-size” to coherent state superpo-
sitions with branches composed of either single coherent states or tensor products of coherent states.
These effective cat-size measures depend on determining the maximal quantum distinguishability
of certain states associated with the superposition state: e.g., in one measure, the maximal distin-
guishability of the branches of the superposition is considered as in quantum binary decision theory;
in another measure, the maximal distinguishability of the initial superposition and its image after a
one-parameter evolution generated by a local Hermitian operator is of interest. The cat-size scaling
with the number of modes and mode intensity (i.e. photon number) is compared to the scaling de-
rived directly from the Wigner function of the superposition and to that estimated experimentally
from decoherence. We also apply earlier comparison-based methods for determining macroscopic
superposition size that require a reference GHZ state. The case of a hierarchical Schro¨dinger cat
state with branches composed of smaller superpositions is also analyzed from a measurement-based
perspective.
I. INTRODUCTION
The notion of a Schro¨dinger cat state arises from ex-
trapolating the quantum superposition principle for mi-
croscopic (e.g., small de Broglie wavelength) systems to
classically distinguishable macroscopic states. In physi-
cal systems comprised of a large (N  1) but finite num-
ber of identical, distinguishable degrees of freedom, i.e.
the total Hilbert space of the system Hsys = H⊗N is the
N -th tensor product of the single-particle Hilbert space
H, the |GHZN 〉 state comprised of orthogonal single par-
ticle states |φ1〉, |φ2〉 ∈ H are the prototypical examples
of cat states:
|GHZN 〉 := 1√
2
(|φ1〉⊗N + |φ2〉⊗N) (1)
Given a measure of superposition size with definite
value (say, N) for |GHZN 〉, it is natural to determine the
cat sizes of generalized |GHZN ()〉 states, macroscopic
superpositions of the same form as Eq.(1) except with
|〈φ1|φ2〉|2 = 1−2,  < 1, and appropriate normalization.
Du¨r, Simon, and Cirac1 have shown that an effective cat
size N2 can be attributed to these states by comparing
the actions of three maps on the |GHZN ()〉 state to their
actions on an ideal |GHZN 〉 state: 1) decoherence to the
macroscopic mixed state, 2) distillation to a |GHZn(N)〉
state as in Eq.(1) but with n(N) < N , and 3) particle
loss according to binomial statistics. The same effec-
tive cat size scaling has been derived by other authors
by calculating the maximal quantum distinguishability
of the branches of the superposition,2 by calculating the
maximal quantum Fisher information3 per mode of the
superposition, and by considering unitary evolution (gen-
erated by an appropriately chosen operator) of the super-
position to an orthogonal state.4 In each of these cases
the calculation of superposition size depends on locating
a positive, self-adjoint operator on the tensor product
space which is optimal for the given cat-size definition
and so we refer to these cat sizes as being defined in a
“measurement-based” way. Yet another measurement-
based measure has been introduced which involves asso-
ciating to each composition of d single-particle operators,
a probability p(d) that this composition applied to one
branch of a cat state produces the other branch.5 These
cat size measures contrast with the “comparison-based”
sizes of Ref.[3], which require a reference superposition
state.
In this paper, we show that the methods mentioned
above can be extended to describe cat states with
branches composed of photonic coherent states or su-
perpositions of tensor products thereof (the latter are
usually called entangled coherent states) and that a sub-
set of the resulting cat sizes are consistent with empiri-
cal notions of cat size based on the quasiprobability dis-
tributions and decoherence of these states.6,7 The semi-
classical macroscopic states which are superposed to cre-
ate these cats are parameterized by the amplitudes and
phases of one or more classical electromagnetic modes;
the Hilbert space of each mode is that of a quantum
harmonic oscillator `2(C).8 These intriguing superpo-
sitions have been generated experimentally using non-
linear optical Kerr media9 or nonresonant coupling be-
tween Rydberg atoms and a high-Q optical cavity,10 and
their properties, including their quasi-probability dis-
tributions and photon number distributions, have been
studied theoretically.11–13 Although notions of intrinsic
size of coherent state cats based directly on static proper-
ties of their quasiprobability distributions in phase space
or their evolution under decoherence have been consid-
ered, they have not been assessed in terms of the existing
comparison-based or measurement-based approaches. In
order to apply to coherent state cats, these comparison-
based and measurement-based approaches must take into
account subtle properties of coherent states, including
indefinite particle (photon) number, the lack of natural
subsystems of particles, and nonorthogonality of the co-
herent state basis of `2(C).
Previous authors have suggested that any notion of su-
perposition macroscopicity (cat size) must be predicated
on a choice of quantum property exhibited by the su-
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2perposition which either is not exhibited by its branches
individually3,4 or which is otherwise important for the
state to be considered macroscopic.5 The quantum prop-
erty is not necessarily unique; so one may form cat-size
definitions of greater (weaker) strength by combining
(separating) the conditions. For example, Leggett has
combined the requirements of “disconnectivity” of a su-
perposition state with existence of a self-adjoint operator
exhibiting an extensive difference in expectation value
in the branches of the superposition to form his notion
of macroscopic distinctness.14 The measurement-based
measures of cat size discussed in this paper are each pred-
icated on a quantum property of the superposition. On
the other hand, some quantum properties lead to recog-
nition of superpositions which are clearly the most “cat-
like” and in these cases, comparison-based cat size mea-
sures lead to reasonable results for a given superposition.
Finally, in a third class of superposition size measures,
the quantum properties are intrinsic to the superposition
state, e.g., a geometric property of a quasiprobability
distribution associated to the state which is determined
empirically or by an interference-based measure.
II. SUPERPOSITION SIZE MEASURES OF
PHOTONIC COHERENT STATES
The Schro¨dinger cat state we will be concerned with is
an N -mode entangled coherent state:12,15)
|Ω〉 = 1√
2 + 2 exp(−2N |α|2)
(
|α〉⊗N + |−α〉⊗N
)
. (2)
This state is an analog in the Hilbert space `2(C)⊗N of
the generalized spin states |GHZN ()〉 ∈ (C2)⊗N consid-
ered above, with  = 1 − exp(−2|α|2). The field ampli-
tude α can be taken on the real line for convenience. The
semiclassical branches of this cat state are composed of
N separate EM field cavities with amplitude ±α. It will
be useful to note that |Ω〉 with N = 2M for M a natural
number can be generated by application of a sequence of
beamsplitters and phase-shifters from, e.g., a state |Ω′〉
composed of a product of a single-mode superposition of
coherent states and auxiliary vacuum modes:16
|Ω′〉 ∝
(
|
√
Nα〉1 + |−
√
Nα〉1
)
⊗
N⊗
m=2
|0〉m (3)
In fact, this equation is true for any positive integer N
(see Appendix A). This identity allows one to map the
problem of determining cat size of a single-mode (N = 1)
coherent state superposition onto the same problem for
entangled coherent states (and vice versa) if one admits
the following axiom: for any cat size measure, the cat size
is invariant under appending auxiliary vacuum modes to
the state and mixing these modes with the state. This ax-
iom is important because cat size is clearly not invariant
under arbitrary unitary operations in the product space
(which can create a macroscopic superposition from, e.g.
a product state), so this axiom identifies a set of unitaries
under which the cat size is invariant.
A. Measurement-based measures of cat size
1. Branch distinguishability measures
The motivation behind the measurement-based super-
position size measure of Ref.[2] is the extension to general
quantum measurements of binary decision theory.17 Let
|A〉, |B〉 ∈ (C2)⊗N with ‖|A〉‖ = ‖|B〉‖ and let ρA, ρB
be their respective pure states.
Definition 1: Given 0 < δ < 1/2, the cat size Cδ(|ψ〉)
of |ψ〉 ∝ |A〉+ |B〉 is
Cδ(|ψ〉) = N
neff(δ, |ψ〉) (4)
where
neff(δ, |ψ〉) = minn{1
2
+
1
4
‖ρ(n)A − ρ(n)B ‖1 > 1− δ} (5)
The n-reduced density matrix (n-RDM) ρ
(n)
A is defined
by trN−n|A〉〈A| and ‖·‖1 is the trace norm. The left side
of the bracketed inequality in Eq.(5) is recognizable as
the maximal success probability (over all n-mode pos-
itive operator-valued measurements) for distinguishing
the n-RDMs ρ
(n)
A and ρ
(n)
B .
17,18 This measure is simplest
to evaluate when the individual modes are distinguish-
able, i.e. every subsystem is individually addressable.
A notable feature of using branch distinguishability in
a measure of cat size is that the measurement which al-
lows the binary decision success probability to be written
as the trace norm of the difference between the (gen-
erally nonorthogonal) branches also effectively collapses
the superposition defining the cat with high probability.
This is demonstrated quantitatively for the even cat state
|ψ+〉 ∝ |α〉+ |−α〉 in Appendix B.
We now apply the measurement-based measure above
to the N -mode entangled coherent state of Eq.(2), which
is in `2(C)⊗N . To evaluate Cδ(|Ω〉), we write ρ±α ≡
| ± α〉〈±α| and note that trN−n(ρ⊗Nα − ρ⊗N−α ) = (ρα −
ρ−α)⊗n, which can be viewed as a product of measure-
ments in the computational basis {|α〉, |−α〉} when co-
herent states are used as qubits.19 We do not have to
change the Hilbert space from (C2)⊗N for which Cδ is
defined to `2(C)⊗N because the relevant trace norm can
be computed in an orthonormal basis {|e1〉 = |α〉, |e2〉 ∝
|−α〉−exp(−2|α|2)|α〉} for a 2-D subspace of `2(C) which
contains e.g. |α〉, |−α〉 and superpositions thereof, in
particular the eigenvectors of ρα − ρ−α. The resulting
precision-dependent effective size and cat size are:
neff(δ, |Ω〉) =
⌈ log(4δ − 4δ2)
−4|α|2
⌉
Cδ(|Ω〉) ≈ −4N |α|
2
log(4δ − 4δ2) (6)
3with the former quantity interpreted as the minimal num-
ber of modes which must be measured in order to suc-
cessfully distinguish the branches of |Ω〉 with probability
1 − δ. The definition of the cat size through the partial
trace over modes in the branches of the superposition re-
quires 1 ≤ neff(δ, |Ω〉) ≤ N to be satisfied. In turn, in or-
der for this inequality to hold, it is required that the pre-
cision δ satisfy δ ∈ [1/2− 1/2√1− exp(−4N |α|2), 1/2−
1/2
√
1− exp(−4|α|2)], with the infimum (supremum)
of the neff inequality enforced by the supremum (infi-
mum) of the δ-interval. It is important to address the
δ-dependence of this cat size measure, due the fact that
there are examples of superpositions for which the cat
size above has been shown to give ambiguous results de-
pending on the value of δ.3
Eq.(3) allows for a reinterpretation of the effective
size in Eq.(5), which was originally defined for finite
dimensional systems and required an integer effective
size. In the present reformulation, neff(δ, |Ω〉) is de-
fined for arbitrarily small δ and can be any real num-
ber. It is clear that given δ, the entangled coherent
state |Ω〉 in Eq.(3) with N = neff(δ, |Ω〉) (integer) modes
can be obtained from mixing a single-mode superposition
∝ |√neff(δ, |Ω〉)α〉+|−√neff(δ, |Ω〉)α〉 with neff(δ, |Ω〉)−1
vacuum modes. The maximal probability over all single
mode measurements for distinguishing the branches of
the latter single-mode superposition is 1 − δ, the same
as the probability for distinguishing the branches of the
N -mode entangled coherent state with N − neff(δ, |Ω〉)
modes traced over. Hence, the following revised defini-
tion for cat size allows one to consider both an arbitrary
success parameter and a noninteger effective size:
Definition 1˜: Given 0 < δ < 1/2, the cat size C˜δ(|Ω〉)
of |Ω〉 ∝ |α〉N + |−α〉N is
C˜δ(|Ω〉) = N
n˜eff(δ, |Ω〉) (7)
where
n˜eff(δ, |Ω〉) = minn∈R+
{
1
2
+
1
4
‖ |√nα〉〈√nα|−|−√nα〉〈−√nα| ‖1 > 1−δ
}
(8)
Notably, C˜δ(|Ω〉) depends on both the number of
modes N involved in the entangled coherent state and
also on the intensity |α|2 of the single-mode field in each
branch (i.e. the expected photon number). We will see
that an effective superposition size which depends solely
on either the number of modes in the superposition or
on the number of particles will fail to apply in general to
superpositions with some macroscopic character.
An important case of the measurement-based cat size
of Definitions 1, 1˜ occurs for a single-mode superposition
of coherent states (N = 1); this case is the most com-
mon setting for studies of photonic cat states to date.
We see from Eq.(6) that Cδ(|Ω(N = 1)〉) ∼ |α|2, as ex-
pected from decoherence studies (see below). However,
it should be noted that the same scaling can be obtained
when one restricts the allowed measurements used to dis-
tinguish the branches to “realistic” measurements, e.g.,
projective measurements in a classical or quasi-classical
pointer state basis.20 Instead of the trace distance, the L1
distance between the classical probability distributions
p(ξ|ρA(B)) resulting from the chosen POVM {E(ξ)}ξ∈R
can then be used as the distinguishability metric.
In Definitions 1 and 1˜, we have neglected the presence
of unbounded operators on `2(C)⊗N . Defining the matrix
elements of the n−RDM using n-element multi-indices i,
j:
(ρ
(n)
A/B)
i
j :=
1
trρ
(n)
A/B
tr(a†i1 · · · a†inaj1 · · · ajnρA/B) (9)
one could apply the effective size measure of Eq.(5),
based on the condition that an n-photon measurement
was made on the system instead of the condition of n
modes having been traced over. However, this definition
is not useful for our purposes (i.e. to determine an ef-
fective size for |Ω〉), because it is clear that the n-RDMs
of the two branches of |Ω〉 have the same matrix ele-
ments for all n. Physically this is due to the fact that
every n-photon measurement outcome occurs with the
same probability in a product of coherent states as in a
product of the same coherent states that have been pi-
rotated. It is also clear that any n-photon measurement
leaves |Ω〉〈Ω| invariant; there is no cat collapse from these
measurements. We will return to the problem of using
unbounded operators in optimal measurements for de-
termining effective superposition size in our discussion of
the relative quantum Fisher information below. This will
be an essential component of showing that superpositions
of the form |Ω〉 are “larger” than the largest cat-states of
(C2)⊗N spin systems, |GHZN 〉.
More evidence for O(N |α|2) scaling of the cat size of
|Ω〉 based on branch distinguishability is provided by the
two-state superposition size measure of Marquardt, Abel,
and von Delft.5 Let |ψ〉 ∝ |A〉 + |B〉 ∈ K⊗N (with K a
single-mode Hilbert space) be a such a state. Define the
1-D Hilbert space H0 := C|A〉 ⊂ K⊗N and define the
Hilbert space Hn recursively by:
Hn := span {|v(n)ξ,ij〉
∣∣|ξ〉 ∈ Hn−1}
|v(n)ξ,ij〉 ∝
(
a∗i aj −
n−1∨
`=0
PH`
)
|ξ〉 (10)
where PHi is the projection onto the i-th Hilbert space
and “∨” is the join of the lattice of these projections.
Defining an orthonormal basis for Hk by {|e(k)i 〉} (where
|e(0)〉 = |A〉), one can write |B〉 = ∑d,i λ(d)i |e(d)i 〉 so that
the probability p(d) of obtaining the outcome of a projec-
tive measurement of |B〉 onto Hd is
∑
i |λ(d)i |2. We define
by s the expected value of the Hilbert space label of the
outcome of the countable POVM {PH`}∞`=0 (applied to|B〉). The Hilbert space containing the expected result of
this projective measurement can be reached from |A〉 by
4application of s single-photon operations of the form a†jai.
Although the s calculated in the process of obtaining |B〉
from |A〉 can, in general, be different from the analogous
quantity calculated in the opposite direction,3,5 we con-
sider the |A〉 → |B〉 procedure carried out on |Ψ〉 (see
next paragraph) to be instructive in demonstrating how
this method works in infinite-dimensions.
Let |Ψ〉 ∝ |0〉⊗N + |2α〉⊗N and append an auxiliary
mode (with states denoted by |·〉(0)) containing a coher-
ent state of amplitude β to the system so that the cat
state becomes |β〉(0)|0〉⊗N + |β〉(0)|2α〉⊗N . The auxiliary
mode is necessary so that not all single-photon operators
a†jai vanish on the vacuum branch, |0〉⊗N , of the super-
position. Set the first Hilbert space H0 = C|β〉(0)|0〉⊗N .
Following the procedure outlined above, one finds for the
n-th Hilbert space:
Hn = span {|β〉(0)|a1〉 · · · |aN 〉
∣∣ai ∈ Z ∀i , N∑
i=1
ai = n}
(11)
Using the expansion of products of coherent states in
the Fock basis of `2(C)⊗N , a projective measurement of
|β〉(0)|2α〉⊗N with outcome contained in Hd is found to
occur with probability:
p(d) = e−N |α|
2 ∑
a1+...+aN=d
|α|2a1 · · · |α|2aN
a1! · · · aN !
= e−N |α|
2 (N |α|2)d
d!
(12)
which is a Poisson distribution with parameter s =
N |α|2. To show that this s value can be carried over from
|Ψ〉 to |Ω〉, we must remove the constraint of generating
Hn from Hn−1 by using photon number-conserving oper-
ations. |β〉(0) ⊗ |Ψ〉 is mapped to |β〉(0) ⊗ |Ω〉 by the uni-
tary operator D = I(0)⊗
⊗N
i=1Di(−α). In particular, the
unitarity of D implies that |β〉(0) ⊗ |2α〉⊗N has the same
amplitudes on Hn as D(|β〉(0)⊗|2α〉⊗N ) = |β〉(0)⊗|α〉⊗N
has on DHn. Explicitly, we now have a modification of
Eq.(10) to:
DH0 = C|β〉(0)|−α〉⊗N
DH1 = spanC
{|β〉(0)|−α〉 · · ·Di(−α)a†i |0〉 · · · |−α〉∣∣i = 1, . . . , N}
...
DHn := span {|v˜(n)ξ,ij〉
∣∣|ξ〉 ∈ DHn−1}
|v˜(n)ξ,ij〉 ∝
(
(Dj(−α)ajDj(α))†Di(−α)aiDi(α)−
n−1∨
`=0
PDH`
)
|ξ〉 (13)
In Eq.(13), the commutation relations [a†, D(α)] =
αD(α), [a,D(α)] = αD(α) of the displacement oper-
ators and creation/annihilation operators can be used
to the effect of showing that we are now considering
(a†j +αIj)(ai+αIi) to be the operators which when com-
posed s = N |α|2 times takes the |β〉(0)⊗ |−α〉⊗N branch
of |β〉(0) ⊗ |Ω〉 to the Hilbert space of the expected out-
come of the POVM {PDHi} on the |β〉(0)⊗|α〉⊗N branch.
It is clear that the recursive procedure defined in
Eq.(10) and Eq.(13) depends on both the number of
modes, N , and the number of photons in the system.
Due to the simple structure of the Hi, we can interpret
the parameter s as the expected number of single pho-
tons required to transfer from the auxiliary coherent state
and add to |0〉⊗N to get a large overlap with |2α〉⊗N .
In Ref.[5], |A〉 and |B〉 were assumed to have the same
number of particles. Here we see that in passing to the
infinite-dimensional Hilbert space associated with opti-
cal cavities, this measure can be useful in spite of having
indefinite photon number in the cat state; in fact, we
exploited an auxiliary coherent cavity as a source of an
arbitrary number of single photons. The absence of a
particle number superselection rule for massless bosons
enables this procedure.
2. Relative quantum Fisher information measure
For an equal superposition of two states, the relative
quantum Fisher information provides a measurement-
based measure of effective cat size in spin systems
which accounts for the number of modes involved in the
superposition.3 The generic system of interest in Ref.[3]
consisted of a finite number of spin-1/2 particles, so there
was no difference between considering particle number
5and mode number. This effective superposition size is
defined for a superposition |ψ〉 of orthogonal states |ψ0〉,
|ψ1〉 ∈ (C2)⊗N by:
Definition 2: The relative quantum Fisher informa-
tion effective size, N rFeff , for |ψ〉 = 1/
√
2 (|ψ0〉+ |ψ1〉) ∈
(C2)⊗N is:
N rFeff (|ψ〉) :=
NFeff(|ψ〉)
1
2N
F
eff(|ψ0〉) + 12NFeff(|ψ1〉)
(14)
where NFeff(ρ) =
1
4NmaxAF(ρ,A), A = {
∑N
i=1A
(i) ⊗
1⊗N\{i} , A(i) > 0 , ‖A(i)‖ = 1} (bounded, positive,
local operators), and F(ρ,A) is the quantum Fisher
information21 for an arbitrary state ρ of (C2)⊗N evolved
in time by A.
We will consider all A to be time-independent, al-
though this is not the most general situation. It is useful
to note that for a pure state ρ, the quantum Fisher in-
formation for ρ(t) = exp(−iAt)ρ exp(iAt) is:
F(ρ(t)) = F(ρ,A) = 4tr(ρ(∆A)2) (15)
which is proportional to the variance of the operator A
in the initial state ρ. A cat state |ψ〉 is considered macro-
scopic if N rFeff (|ψ〉) ∈ O(N). Note that NFeff alone can be
used as a measure of macroscopicity for general quantum
states which are not necessarily Schro¨dinger cat states.3
This measure can be fully generalized to states
of `2(C)⊗N by introducing unbounded operators on
the Hilbert space into the maximization of quantum
Fisher information in the numerator and denominator
of Eq.(14). Restricting the maximization to the bounded
operators B(`2(C)⊗N ) (B(H) signifying bounded oper-
ators on the Hilbert space H) allows lower bounds for
N rFeff to be derived. Thus the entangled coherent state in
Eq.(2) can then be shown to be macroscopic according to
the relative quantum Fisher information measure by us-
ing these lower bounds. In particular, all that is required
to derive a lower bound implying macroscopicity is to find
a local operator A ∈ A which gives a variance ofO(N2) in
|Ω〉. This follows from the fact that for a product state
(e.g., each branch of |Ω〉), optimizing over local, posi-
tive, bounded operators results in a maximal quantum
Fisher information in O(N),22 so that the denominator
of Eq.(14) is O(1). An example of an operator giving
the required scaling of variance in |Ω〉 is A = ∑iA(i)
with A(i) = 1√
1−exp−4|α|2 (|α〉〈α| − |−α〉〈−α|)i, which
for large |α|, i.e. neglecting the overlap of diametrically
opposed coherent states, is analogous to σz for a two-
level systems while |Ω〉 in this situation is analogous to
an eigenvector of σ⊗Nx with eigenvalue 1. One can verify
directly that A(i) has operator norm 1, so A has operator
norm N . Calculating the variance of A =
∑
iA
(i) in |Ω〉
results in the following inequality:
N rFeff (|Ω〉) ≥ N
(
1− e−4|α|2
1 + e−2N |α|2
)
+
e−2N |α|
2
+ e−4|α|
2
1 + e−2N |α|2
(16)
the right hand side of which is in O(N). Hence |Ω〉 can
be considered macroscopic by this measure. Note that
the exact value of N rFeff (|Ω〉) could be larger since we have
not carried out the optimization over A ∈ A explicitly.
In the above calculation, we have neglected the cre-
ation and annihilation operators a†i , ai on `
2(C)⊗N
(which are unbounded) and hence also the product of
Heisenberg algebras spanned by {a†i , ai, Ii}. Of particu-
lar interest in this algebra are the self-adjoint quadrature
operators x
(φ)
j := (aj exp−iφ + a†j exp iφ)/
√
2. Our ne-
glect of these unbounded, local, self-adjoint operators in
the set A of time-evolution generators used to calculate
the relative quantum Fisher information effective size is
apparently at fault for the lack of any polynomial scal-
ing of the relative quantum Fisher information superpo-
sition size of |Ω〉 with the photon number. It is clear from
Eq.(14) in Definition 2 that changing the bounds of the
local operators in A to some finite value greater than 1
does not change the relative quantum Fisher information
effective size. However, if the (unbounded) quadrature
operators are included in the optimization, the effective
size can be larger. For instance, the variance of
∑
i x
(φ)
i
in |±α〉⊗N is N/2, while the variance of the same op-
erator in |Ω〉 is at most N2|α|2 tanhN |α|2 + N |α|2 + 12 .
Hence, when the local operators defining elements of A
are taken in B(`2(C)⊗N )∪{x(φ)}, a larger lower bound to
the effective size scaling for the entangled coherent state
|Ω〉 is achieved:
N rFeff (|Ω〉) ≥ N |α|2 tanhN |α|2 + |α|2 +
1
2N
∈ O(N |α|2)
(17)
The N |α|2 scaling is important to consider because
logN (|α|2) is potentially much greater than 1. In ad-
dition, one could have chosen to append the local photon
number operators
∑
i a
†
iai to the expanded set A above;
including it results in the same O(N |α|2) scaling of ef-
fective cat size. We have not optimized the variances in
the numerator and denominator over every possible sum
of local operators acting on `2(C)⊗N ; i.e., we have not
considered all A =
∑
i u
(i) where u(i) is in the univer-
sal enveloping algebra of the i-th mode. According to
the analysis above and the definition of quantum Fisher
information, we can say only that there are certain lo-
cal evolutions for this system for which the square of the
Bures velocity21 (dsBures/dt)
2 along the local evolution
is greater in the superposition |Ω〉 than its branches by a
factor of |α|2.
A similar analysis of relative quantum Fisher infor-
mation can be used to examine the effective size scal-
ing of a “hierarchical cat state,” which is an `2(C)⊗N
analog of the |GHZN 〉 spin state. However, this state
exhibits richer internal structure than |GHZN 〉, as each
of its branches is composed of smaller Schro¨dinger “kit-
6tens”:
|HCSN (α)〉 := 1√
2
(( |α〉+ |−α〉
A+(|α|)
)⊗N
+
( |α〉 − |−α〉
A−(|α|)
)⊗N)
(18)
Restricting the maximization over local, self-adjoint
operators to bounded operators yields an effective size of
N for |HCSN (α)〉 for all α 6= 0, just as for any |GHZN 〉
state. This value is also predicted by all measurement-
based measures considered in this paper and also by the
comparison-based measures of Du¨r, Simon, and Cirac to
be discussed in Section II B. Physically, |HCS(α)〉 is a
superposition of parity eigenstates, with one branch a
product state of “even kittens” or a product state of “odd
kittens”. When considered in light of the O(N |α|2) scal-
ing of N rFeff (|Ω〉), one expects from the analyses of Ref.[1]
of that the hierarchical cat state should exhibit an effec-
tive superposition size at least as large as |Ω〉 because
its branches are orthogonal and it is in the same Hilbert
space as |Ω〉. However, proceeding with our earlier ap-
proach of introducing the local quadrature operators or
even the local photon number operators into the max-
imization of quantum Fisher information gives only a
smaller lower bound: N rFeff (|HCS(α)〉) ≥ 1. From ad-
ditionally considering local operators in A of the form
A =
∑
i a
†
iσ
(i)ai, where σ
(i) can be σzi or σ
x
i , it is found
that N rFeff (|HCS(α)〉) is at least O(N), but no dependence
on |α| is observed. This result is due to fact that the
branches have quantum Fisher information scaling as the
same power of |α| as the superpositon itself when these
operators are included in the maximization, so the pow-
ers cancel in Eq.(14). Although we do not yet have a
precise estimate of the relative quantum Fisher informa-
tion effective size for |HCSN (α)〉, we find no reason to
believe that it should scale as O(N |α|k) with k > 0. The
consequence of O(N) scaling of |HCSN 〉 is that in an
infinite-dimensional Hilbert space, there are superposi-
tions (e.g., |Ω〉) which have larger superposition size than
the continuous variable analogs of |GHZN 〉 states. Be-
cause |Ω〉 is an analog of |GHZN ()〉 in spin systems, we
obtain the principal result of this paper: in `2(C) there
are superpositions with nonorthogonal branches which
have larger effective sizes than superpositions with or-
thogonal branches.
The lack of maximally “cat-like” characteristics of
|HCSN (α)〉 is also demonstrated by the Wigner function
W : C×C→ R for the state |HCS2(α)〉, which exhibits a
peak at the origin of C×C in addition to smaller peaks at
(±α,±α) (see Figure 1 and Appendix C for the explicit
function). Calculation of the general N -mode Wigner
function shows that the peak at the origin persists for
N > 2. In contrast, the N -mode Wigner function of |Ω〉
exhibits only two peaks on CN separated by 2
√
N |α| (see
Section II C). It should also be noted that |HCSN (α)〉 can
be written (in the same basis) as a superposition with
many branches, so it is not a two-branch superposition
in the original spirit of Schro¨dinger’s cat.
FIG. 1. Graphs of the Wigner function WHCS2(α)(γ1, γ2)
((γ1, γ2) ∈ C× C) of |HCS2(α)〉 (with |α| = 3) for a) γ2 = 0,
b) γ2 = 3, c) γ2 = −3. See Eq.(C1) in Appendix C for the
explicit form of this function on C× C.
B. Comparison-based measures of cat size
In contrast to a measurement-based definition of su-
perposition size, a comparison-based definition requires
a reference state which has a known size under that def-
inition. For entangled qubit systems, all superposition
size measures discussed in this work concur on a maxi-
mal superposition size of N , which occurs for the |GHZN 〉
state. We can extend previous comparison-based super-
position size measures developed for spin-1/2 systems1
to the state in Eq.(2) by restricting to a 2D subspace
of the single-mode Hilbert space. To apply the distil-
lation protocol implemented in Ref.[1], one identifies an
operator E1 = k[|e1〉〈e2|+ |e2〉〈ϕ−|] (acting on the same
C2 subspace of `2(C) as introduced in Section II A 1)in
7which 〈ϕ−| − α〉 = 0 and k is chosen such that the com-
plementary element E†2E2 in the POVM {E†1E1, E†2E2}
is rank one. With k chosen appropriately, E2 will have
the form 1‖|χ〉‖ |χ〉〈χ|. Note that if E1 is applied to each
mode of |Ω〉, a GHZ state ∝ |e1〉⊗N + |e2〉⊗N will result
whereas E2 applied to each mode results in a product
state. The goal is to find the expected value of n(N)
when applying POVM above to each mode, transform-
ing |Ω〉 to (1/√2)|χ〉⊗N−n(N) ⊗ (|e1〉⊗n(N) + |e2〉⊗n(N)).
The only subtlety in this computation is that the first
successful E1 outcome changes the normalization of the
post-measurement state; after the first E1 outcome, the
measurements are binomially distributed: the probability
of an E1 outcome being 1−exp(−2|α|2) (exp(−2|α|2) for
an E2 outcome). The probability of the first E1 outcome
occurring at the m-th measurement is
pm = e
(N−2m+1)|α|2 sinh(|α|2)
cosh(N |α|2) (19)
The probability of the final state having n(N) = n is(
N
n
)
e−(N−1)|α|
2
(e2|α|
2 − 1) sinh(|α|
2)
cosh(N |α|2) (20)
so 〈n(N)〉 = N 1−e−2|α|
2
1+e−2N|α|2
. The distillation protocol ap-
plied to entangled coherent states is not very useful; an
entangled coherent state has an integer number of modes
and the above result indicates the unsurprising fact that
for |α| even moderately large, the N -mode |GHZN 〉 state
1√
2
(|α〉⊗N + |e2〉⊗N) (21)
can be distilled with very low error from |Ω〉 due to the
near orthogonality of the branches. According to this
comparison-based size, the state in Eq.(1) is equivalent
to the same state except with the single particle states
replaced by single-mode states |α〉 and |e2〉– the struc-
ture of the modes has not been considered. In addition,
it is not clear how the distillation process affects the cat
size. What is perhaps interesting about this procedure is
that the state in Eq.(21) can be transformed into the “hi-
erarchical” cat state of Eq.(18) by local unitaries. Hence
Eq.(3) provides a simple method for using beamsplitters,
phase shifters, and local measurements to generate these
states from mixing of a single-mode coherent state super-
position with vacuum.
Another comparison-based measure of cat size for the
entangled coherent state comes from comparing the mag-
nitude of off-diagonal elements of the n-RDM of standard
GHZN states to those of the n-RDM of entangled coher-
ent states after probabilistic loss of N − n modes.1 Con-
sider the decision between tracing over a mode of Eq.(1)
with (small) probability λ and leaving it alone with prob-
ability 1 − λ. If this decision is made for each of the N
modes, the expected value of the off-diagonal elements of
the density matrix is 12 (1−λ)N ≈ 12e−Nλ because if a de-
cision is made to trace over any mode, the resulting state
is mixed. In same procedure for |Ω〉 one expects to trace
over Nλ modes. Taking into account the normalization
factor of |Ω〉, the expected off-diagonal amplitude is:
e−2Nλ|α|
2
2 + 2e−2N |α|2
=
1
2
e−2Nλ|α|
2−log(1+exp(−2Nλ|α|2)) (22)
Up to a negligible logarithmic term, the expected off-
diagonal amplitude of the entangled coherent state af-
ter probabilistic mode loss is the same as that of a
GHZM state with M = 2N |α|2, under the assumption
that |α|2 ∈ Z+. This result for probabilistic mode loss
can be compared to the change in the amplitude of the
fringes of the N -mode Wigner function of |Ω〉. Integrat-
ing over the phase space of n < N modes results in a new
Wigner function on CN−n with the oscillating (i.e., non-
Gaussian) term suppressed by exp(−n|α|2/2). One sees
that the partial trace over a mode corresponds to tracing
out all of the constituent particles and excitations in the
mode.
The difference between considering particles versus
modes in defining a cat size is precisely analogous to the
difference between definitions of 1-RDMs in, e.g. the
study of Bose-Einstein condensation23 versus the defini-
tion employed in disucssions of qubit manipulations.24 In
the former, one takes (ρ
(1)
Ω )ij = 〈Ω|a†iaj |Ω〉, with N2 ma-
trix elements defined by modes. In the latter, one defines
(ρ
(1)
Ω )ij = (tr2,...,N |Ω〉〈Ω|)ij with the matrix elements
taken with respect to Fock states. The trace of the 1-
RDM defined through particle creation/annihilation for
|Ω〉 is N |α|2 tanh(N |α|2); this value is equal to the ex-
pected value of the sum of number operators for each
mode, while the trace of the mode-defined 1-RDM is
unity. More drastic consequences of this distinction are
encountered in the formulations of entanglement mea-
sures for indistinguishable particles,25 for which the to-
tal Hilbert space is the symmetrized or antisymmetrized
tensor product of mode Hilbert spaces. For the branch
distinguishability measures considered in this paper, the
importance of this distinction is restricted to bosonic
systems; for fermions, the Pauli exclusion principle re-
sults in the equivalence of effective superposition sizes
based on mode number and particle number for an ap-
propriate definition of the modes. This fact has been
used to derive an upper bound for the effective cat
size (according to Definition 1) of superpositions of
clockwise/anti-clockwise circulation states of supercon-
ducting flux qubits in terms of the sum of electron num-
ber differences for each mode comprising the circulation
states:
∑
i〈	 |c†i ci| 	〉 − 〈 |c†i ci| 〉.26
C. Empirical measures of cat size
For a single cavity, empirical definitions (i.e., requir-
ing neither optimization over measurements nor compar-
isons to other states) of effective superposition size can
be obtained from the Wigner function of the state itself.6
8For example, the phase-space interference fringes of the
Wigner function of the even superposition ∝ |α〉+ |−α〉,
α ∈ R+ are parallel to the imaginary axis and have
wavelength pi/2α. The distance between Wigner func-
tion peaks is 2α. The effective size of Lee and Jeong6
takes both of these factors into account and was writ-
ten with general multiple-mode quantum states in mind.
Applied to the many-mode Wigner function for the state
in Eq.(2), the effective size consists of N identical sums.
The Wigner function N -mode entangled coherent state
(an entire function from CN → R) has peaks separated
by 2
√
Nα. The square of this distance agrees with the
scaling of our result in Eq.(6). Other intrinsic notions of
cat size in terms of the decoherence time 1/〈nˆ〉10,27 of the
cavity state have been introduced based on experimen-
tal results and simple models of nonunitary cavity state
evolution. These notions are less well-defined for nonlocal
superpositions, i.e. superpositions in the Hilbert space of
many cavity modes. For instance, a description of deco-
herence of the hierarchical cat state Eq.(18) must include
the intermode decoherence time (the decoherence time of
the device coupling the modes) and all of the intramode
(cavity) decoherence times.
III. CONCLUSION
We have extended effective size measures of quantum
superpositions of two classically distinguishable states
(i.e. Schro¨dinger cat states) from the spin state setting of
(C2)⊗N to the most widely studied cat states of `2(C)⊗N ,
which are the entangled coherent states (Eq.(2)). The
measures fall into three classes: 1) those relating to a dis-
tinguishability problem requiring some optimization over
positive operators or selection of an appropriate effect
operators (the measurement-based measures), 2) those
requiring comparison to a superposition state with fixed
size (comparison-based measures), and 3) those defined
from the time-evolution of geometric properties of the
many-mode quasiprobability distribution (empirical or
intrinsic measures). The latter class of measures is most
amenable to current experimental techniques because the
optimal measurements defining the effective size in the
measurement-based class of measures can be impractical
or even impossible to realistically implement. However,
the measurement-based measures give more insight into
the quantum information aspects of large superpositions
because they are expressed in terms of metrics on the
space of density operators.
By extending these measures, we have shown that the
cat size of entangled coherent states of the form in Eq.(2)
depends on both the number of modes (N) and intensity
of the field in each mode (scaling as |α|2) as N |α|2. We
have demonstrated that this scaling can be obtained only
through effective size measures which take into account
both the number of modes involved in the superposition
(for instance, the number of resonant microwave cavi-
ties, each under the assumption of monochromaticity)
and the number of particles (or intensity of photons) in
each mode. These criteria are not fulfilled in, e.g., the
distillation protocol of Ref.[1], and the relative quantum
Fisher information measure of Ref.[3] when unbounded
operators are neglected in the maximization of quantum
Fisher information.
Using the relative quantum Fisher information mea-
sure of effective size, we have shown that a hierarchi-
cal cat state of the form |HCSN (α)〉 := 1/
√
2(|ψ+〉⊗N +
|ψ−〉⊗N ) with |ψ±〉 ∝ |α〉 ± |−α〉 fails to exhibit the en-
hanced scaling with mode intensity obtained for |Ω〉, de-
spite having orthogonal branches. This result was ob-
tained by carrying out a maximization of the quantum
Fisher information of the hierarchical cat state and its
branches over the union of local, positive operators con-
tained in B(`2(C)⊗N )∪{∑i x(φ)i ,∑i a†iai} (bounded op-
erators and an important set of unbounded operators,
namely, the local quadrature and number operators).
This suggests that |HCSN (α)〉, which is a `2(C)⊗N ana-
log of a |GHZN 〉 state but exhibits richer internal mode
structure, is not the largest cat state in systems of en-
tangled electromagnetic cavities. Because photons are
the elementary excitations of the system under considera-
tion, and the notion of superposition size based on single-
photon decoherence in quantum phase space suggest de-
coherence rates for a superposition which are inversely
proportional to the photon number,7 we conjecture that
the largest possible superposition size in `2(C)⊗N ex-
hibits O(N〈∑Ni=1 a†iai〉) scaling. Therefore, the entan-
gled coherent states of the form of Eq.(2) are among the
largest possible superpositions in this space.
The study of superposition sizes and measures of quan-
tum state macroscopicity is also relevant to fundamental
physics. The superpositions of standard coherent states
(both single-mode and many-mode) treated here are the
simplest examples of non-local superpositions for contin-
uous quantum variables. The development and appli-
cation of cat size measures for superpositions of states
occurring in exotic phases of matter (e.g., those allow-
ing for superpositions of soliton/domain-wall solutions of
the quantum equations of motion,28 or those containing
superpositions of gauge field configurations29) could be
useful for a general understanding of the conditions un-
der which the principles of quantum mechanics may be
extended to macroscopic systems.
Appendix A: Proof of Eq.(3)
Consider M photon cavities with respective cre-
ation/annihilation operators a†i , ai and let Bij(θ) :=
Pi(pi/2)Bij(θ)Pj(pi/2) where Pi(φ) = e
iφa†jaj is a phase-
shifter on the i-th mode and and Bij(θ) = e
iθa†iaj+a
†
jai is
a beamsplitter acting on modes i and j. Then we have
the following:
9Lemma
|α〉⊗M =
M−1∏
q=1
Bq,q+1(θq)
(
|
√
Mα〉1 ⊗ |0〉⊗M−1
)
(A1)
where θq = (tan
−1 ◦ sec)M−1−q(pi/4)
Pf Using the fact that for any two co-
herent states |α〉i, |β〉j , Bij(θ)|α〉i|β〉j =
|α cos θ + β sin θ〉i|α sin θ − β cos θ〉, one can evaluate the
right hand side of Eq.(A1) as :
|
√
Mα cos θ1〉1 ⊗ |
√
Mα sin θ1 cos θ2〉2
⊗ . . .⊗ ∣∣√MαM−2∏
i=1
(sin θi) cos θM−1
〉
M−1
⊗ ∣∣√MαM−2∏
i=1
(sin θi) sin θM−1
〉
M
(A2)
Each of the kets in this product is seen to be equal to
|α〉 by using the rules for composition of trigonometric
functions and inverse trigonometric functions, e.g. in the
M − 1 ket: the identity sin((tan−1 ◦ sec)n(pi/4)) =
sin
(
tan−1
(
(sec ◦ tan−1)n−1(√2))) = √n+1n+2
can be used to simplify to the prod-
uct to α
√
M cos θM−1
∏M−2
i=1
√
M−i
M−i+1 =
α
√
M√
2
(√
M−1√
M
√
M−2√
M−1 . . .
√
2√
3
)
= α These manipulations
prove the lemma. 
Eq.(3) follows from replacing |√Mα〉1 in the first
mode with the unnormalized superposition |√Mα〉1 +
|−√Mα〉1, following the proof of the Lemma with α →
−α, and normalizing the resulting state.
Appendix B: Optimal measurement for branch
distinguishability
We provide an explicit proof that the measurement
which optimally distinguishes the branches of |ψ+〉 con-
sidered as pure states (ρα = |α〉〈α|, ρ−α = |−α〉〈−α|
present with equal a priori probability) collapses |ψ〉
to |±α〉 with high probability. We work in a basis
{|ψ+〉, |ψ−〉} for a 2-D subspace of `2(C). The POVM
which gives the minimal probability of error (maximal
probability of success) for distinguishing ρα from ρ−α
consists of the projectors onto the 1-D eigenspaces of
ρα−ρ−α =
√
1− exp(−4|α|2)σx and in this case is given
by {Ei = |ξi〉〈ξi|}i=± with |ξ±〉 = 1/
√
2(|ψ+〉 ± |ψ−〉).
The measurement results E± obtained on the pure cat
state |ψ+〉〈ψ+| occur with equal probability and be-
cause the optimal POVM consists of rank-1 projectors
onto |ξ±〉, the resulting state is (respectively) |ξ±〉 ∝
E
1/2
± |ψ+〉〈ψ+|E∗ 1/2± with probability 1/2. Explicitly:
|ξ±〉 =
(
1
2
√
1 + e−2|α|2
± 1
2
√
1− e−2|α|2
)
|α〉
+
(
1
2
√
1 + e−2|α|2
∓ 1
2
√
1− e−2|α|2
)
|−α〉(B1)
It is clear that for any physical number of photons
(|α|2 > 1), the optimal measurement very nearly pro-
duces either |α〉 or |−α〉 with equal probability, i.e. it
collapses the cat. Some alternative choices of binary de-
cision problem which could be thought to reflect a cat size
(e.g. distinguishing the cat state from the mixed state
of the branches, or distinguishing either of the branches
from the cat state) do not have this nice property. Quan-
titatively, applied to |ψ+〉〈ψ+|, the POVM which distin-
guishes |ψ+〉〈ψ+| from 0.5|α〉〈α| + 0.5|−α〉〈−α| returns
|ψ+〉 with unit probability. For |α|2 → ∞ (and alredy
nearly so for |α|2 & 10), applying the POVM which
distinguishes the cat state from |α〉〈α| to the cat state
and subsequently performing a projective measurement
in the approximately orthonormal basis {|α〉, |−α〉} gives
|α〉 with probability 1/2+1/2√2 and |−α〉 with the com-
plementary probability.
Appendix C: Wigner function of |HCS2(α)〉
In Section II A 2 we noted that the Wigner function
of |HCSN (α)〉 (Eq.(18)) does not exhibit the same peak
distribution as the Wigner function of |Ω〉. Here we ex-
plicitly write the Wigner function for |HCS2(α)〉:
WHCS2(α)(γ1, γ2) :=
4
pi2
〈
D1(γ1)D2(γ2)e
ipi
∑2
i=1 a
†
iaiD1(−γ1)D2(−γ2)
〉
|HCS2(α)〉
=
2
pi2
∑
∈{1,−1}
1
(2 + 2e−2|α|2)2
2e−2|γ2|2 cos(2αImγ2)(e−2|α−γ1|2 + e−2|α+γ1|2)
+2e−2|γ1|
2
cos(2αImγ1)(e
−2|α−γ2|2 + e−2|α+γ2|
2
) + 4e−2(|γ1|
2+|γ2|2) cos(2αImγ2) cos(2αImγ1)
+
∑
κ,τ∈{1,−1}
e−2|α+κγ1|
2−2|α+τγ2|2
+ 2
pi2
1
2(1− e−4|α|2)2
(
e−2|α−γ1|
2−2|α−γ2|2 + e−2|α+γ1|
2−2|α+γ2|2
−e−2|α+γ1|2−2|α−γ2|2 − e−2|α−γ1|2−2|α+γ2|2 − 4e−2(|γ1|2+|γ2|2) sin(2αImγ1) sin(2αImγ1)
)
(C1)
10
with Di the displacement operator of the i-th mode, and
Ptot = e
ipi
∑2
i=1 a
†
iai the total parity operator. The many-
mode Wigner function defined above is the same as that
defined by the Fourier transform of the symmetric-order
characteristic function.30
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